The topology of the embedding of coadjoint orbits of the unitary group U(H) of an infinite dimensional complex Hilbert space H, as canonically determined subsets of the Banach space Ts of symmetric trace class operators, is investigated. The space Ts is identified with the B-space predual of the Lie-algebra L(H) s of the Lie group U(H). It is proved, that orbits consisting of symmetric operators with finite range are (regularly embedded) closed submanifolds of Ts.
Introduction
As I have learned from a discussion with colleagues Anatol Odzijewicz and Tudor Ratiu, there is an "innocently looking" question connected with a work with coadjoint action of Lie groups, which is far not trivial in the general case. It is the question in which way the homogeneous spaces G/G ρ of a Lie group G with their natural analytic manifold structure (with G ρ being the stability subgroup of G at the point ρ), specifically their coadjoint orbits, are included into the topological spaces where the group acts. The question is, whether the injective inclusion is a homeomorphism of the analytic manifold G/G ρ onto a submanifold of the space T on which the group G acts. E.g., the orbit of a specific action of R on the two-torus T 2 = S 1 × S 1 , i.e. t(∈ R) → {e itω1 ; e itω2 } with irrational quotient ω 1 /ω 2 , covers the torus densely, hence it is not a (one-dimensional) submanifold of T 2 . As it is shown in a Kirillov's example [2] (cited and reproduced in [1, 14.1.(f),p.449]), such a pathologically looking case is possible also in the cases of finite-dimensional coadjoint orbits. One can the more expect such a phenomenon in the case of infinite-dimensional orbits of Banach Lie groups.
Let O ρ (U) = U(H)/U ρ be the homogeneous space of the unitary group U(H) of the infinitedimensional Hilbert space H corresponding to an orbit of the action u → uρu * on the space T s (∋ ρ) of symmetric trace class operators in L(H). The space T s is naturally identified with the predual L(H) s * of the Lie algebra Lie U(H) = iL(H) s ∼ L(H) s (U ρ is the stability subgroup of U(H) at ρ, namely U ρ = {ρ} ′ ∩ U(H), ρ * = ρ ∈ T s , with {A} ′ being the commutant in L(H) of A).
In the paper [3] , the topology of the orbits O ρ (U), as well as the topology of their natural injection into the dual B-space (containing the predual T s ) were investigated. It was proved there (cf. [3, Proposition 2.1.5.]), that orbits trough symmetric trace-class operators are injectively immersed into T s iff they are going trough operators with finite range. There was not completed, however, the proof of an assertion on regularity of this embedding (in the terminology of [8] ) of such "finite-range" orbits, which claim was contained in the text of the Proposition 2.1.5. One of the aims of this paper is to fill this gap.
Let us note, that the posed question of whether the orbit is also a submanifold of the "ambient" space in which the group acts is easily and positively answered in the case of finite-dimensional Hilbert spaces: In that case the group U(H) is compact, hence the orbits are also compact and a continuous bijection of any compact space into a Hausdorff space is a closed mapping, hence a homeomorphism. For an infinite-dimensional H, however, the orbits O ρ (U) are noncompact.
The proof of the main theorem is contained in the next Section 2. The presented proof is based on a simple idea, and it does not contain any "sophisticated mathematics", but it needed some algebra to be presented in details. In the last Section 3 some additional facts (including a proof of the fact that the orbits are closed subsets of the "ambient" space) are presented. Also an independent proof of regularity of the embedding (we use here the definitions adopted from [8] differing from those introduced in [1] , also to keep continuity with [3] ) of the projective Hilbert space is presented: It indicates also an alternative way for proving the main Theorem 2.6 for the general case.
A proof of regularity of the embedding
We shall accept here some conventions and results from [3] , mainly from the proof of Proposition 2.1.5 and Theorem 2.1.19. The proof of the following Theorem 2.6 completes the missing part of the proof of Proposition 2.1.5. in [3] concerned the regularity of the embedding of O ρ (U) ⊂ T s . The constructions built and used in the run of the proof might be, perhaps, also of independent interest. The assertion of this lemma allows us to work, if dealing with a unitary orbit O ρ (U) := {uρu * : u ∈ U(H)}, for ρ ∈ F N , with the Hilbert-Schmidt metrics instead of the trace-norm one.
Lemma. The topologies coming from the trace class B-space
We shall need also a detailed expression for "proximity" of finite-range operators on the same orbit, which would be more difficult to express directly with a help the usual norms. To this end we shall need the following lemma.
2.2 Lemma. Let us consider a subset F σ of bounded symmetric operators ρ ∈ L(H) with a given purely discrete finite spectrum σ :
in the operator norm topology of L(H). ♣
Proof. The spectral projections of any symmetric operator ρ are uniquely determined by that operator, hence for a given spectrum (e.g. ρ ∈ F σ ) the projections corresponding to fixed spectral values are uniquely determined functions of the operators ρ ∈ F σ . By a use of a spectral functional calculus one can choose some functions
Let us choose for the functions p j polynomials; we define for any complex z ∈ C
what gives p j (ρ) = F j (ρ), and the continuity of ρ → F j (ρ) on a set of ρ ∈ F σ is explicitly seen.
This two Lemmas lead immediately to
2.3 Corollary. The spectral projections of finite range operators ρ ∈ F σ ∩ F N are (on this set) continuous functions in any of the considered (i.e. trace, Hilbert-Schmidt, and L(H)) topologies (taken independently on the domain-, or range-sides).
The constructions needed in the proof of the main theorem use also a more detailed description of consequences of "proximity" of two projections described in the following 2.4 Lemma. Let E, F be two orthogonal projections of finite-dimensional ranges of equal dimen-
the subspaces EH and F H have no nonzero common vectors. Let
Then:
(i) For any one-dimensional projection |e e| = P e ≤ E (i.e. P e · E = P e ) it is P e F = 0.
(ii) To any orthonormal system of vectors {e j : j = 1, 2, . . . N := dim(E)} ⊂ H such that j P ej = E one can find an orthonormal system {f j : j = 1, 2, . . . N } ⊂ H such that j P fj = F , and that
(iii) This means that the orthonormal systems {e j : j = 1, 2, . . . N := dim(E)}, and {f j : j = 1, 2, . . . N = dim F } are in a certain strong sense mutually "affiliated": (i): Let there be a projection P e ≤ E such that P e F = 0. Let e 1 := e, and let {e j : j = 1, 2, . . . N } be an orthonormal system decomposing E, E = N j=1 P ej . Then
since always it is T r(P x F ) ≤ 1, ∀x ∈ H. The estimate (2.5) would be then in contradiction with the assumption (2.2), since
. This implies validity of (i).
(ii): Since E ∧F = 0, the subspaces F := F H and E := EH of H are mutually linearly independent (i.e. no nonzero vector of any of these subspaces can be expressed as a linear combination of vectors from the other subspace), hence dim(E ∨ F ) := dim(E + F ) = 2N , where E ∨ F is the orthogonal projection in H onto the closed subspace generated by the subspaces E and F . Let us choose an arbitrary orthonormal decomposition {e j :
F is an N −dimensional subspace of E ∨ F, the dimension of E ⊥ j ∧ F ≤ E ∨ F is at least 1; if it were, however, greater than 1, then at least one of one-dimensional projections P f ≤ F would be orthogonal to E : P f E = 0. This would be in contradiction with (i), because the projections E and F enter into the problem symmetrically.
Let us denote P fj := E ⊥ j ∧ F . We shall prove that
Let us consider, for any j = k, the projection Q
⊥ )H which they span would be dim(
Then also the vector e j would be contained in the space [F ⊖ {C · f j }] + E ⊥ k . This is, however, impossible, since P ej E ⊥ k = 0, and P ej (F − P fj ) = P ej (because e j ∈ F, ∀j).
. Hence {P fj : j = 1, 2, . . . N } composes an orthogonal decomposition of the projection F into one-dimensional projectors.
Let us note, that, due to its construction, each P fj determines (up to an arbitrary phase factor) a unit vector f j = α j e j + β j e ⊥ j , where e ⊥ j ∈ E ⊥ is some unit vector. We also see that all α j · β j = 0, since all f j ∈ E, but also f j ∈ E ⊥ . The orthogonality between f j 's implies orthogonality between the vectors: f j |f k ≡ δ jk (this also implies orthogonality relations for e ⊥ j 's: e ⊥ j |e ⊥ k = δ jk ). Now we also see from these decompositions f j = α j e j + β j e ⊥ j that P e k P fj = 0 forj = k, and that P ej P fj = 0. This implies (2.3).
(iii): The last statement is just a rephrasing of (ii).
The following lemma is an illustration of one of the main tools used in the proof of the forthcoming theorem:
2.5 Lemma. Let E, F be two orthogonal projections in an infinite-dimensional complex Hilbert space H of the same finite dimension N = T r(E) = T r(F ). Let us choose 0 < ǫ < 2, and assume that N − T r(EF ) < ǫ 2 /4 (< 1). Then there is a unitary operator u ∈ U(H) such that u − I H < ǫ, and that F = uEu * . ♣
Proof. Let us denote
We can now apply the Lemma 2.4 both to the couples (E ′ ; F ′ ), as well as to (E ′⊥ ; F ′⊥ ) of projections. Let {e j , e ⊥ j : j = 1, 2, . . . N ′ } be an arbitrary orthonormal decomposition of
Let the corresponding decompositions of F ′ , resp. of
Because the normalized vectors f j , f ⊥ j remained specified, according to the Lemma 2.4, up to an arbitrary phase factor, we shall choose them so that the scalar products f j |e j > 0, f
We could also define formally {e j = f j : j = N ′ + 1, . . . N } as an arbitrary orthonormal decomposition of Q = E − E ′ = F − F ′ , but it will not be used now. Let us define now the wanted unitary operator u ∈ U(H) by: 8) and this prescription is completed by linearity to a unique unitary operator u on H. Let us prove that this operator has the wanted property. It is clear that uEu
Since on the complement of the finitedimensional subspace E ′ ∨ F ′ of H the operator u coincides with I H , their difference u − I H can be nonzero just on the finite dimensional subspace E ′ ∨ F ′ . Hence the norm u − I H can be calculated as the norm of the restriction to the subspace E ′ ∨ F ′ , and we can deal with this operator u − I H as with a finite-dimensional matrix. Or, the operator u − I H is of finite range in H. Let us denote T r ′ (C) the trace of the restriction of C ∈ L(H) to the 2N 9) due to the chosen positivity of the scalar products e j |f j , e 
Hence, according to (2.9), we have the wanted estimate u − I H 2 < ǫ 2 . 
ρ is taken in the relative topology of the corresponding "ambient" space T s ⊂ L 1 (H). Because of the invariance of all the relevant metrics with respect to the unitary group action (including their invariance in the "ambient" normed spaces), and also because of the continuity of the projection Π ρ , it suffices to prove the continuity in an arbitrary point ρ of the orbit by showing the following: To any positive ǫ > 0 one can find a δ ′ > 0 such, that if there is some element
* . Now we can use, for the sake of simplicity of our expression, that the orbit O ρ (U) is also a strong riemannian manifold [3, Thm. 2.1.19] with a distance-function d ρ (ρ ′ , ρ ′′ ) generating the topology of U(H)/U ρ (cf. [7, Proposition 4.64] ). In that case (due to the continuity of Π ρ ), to any ǫ ′ > 0 there will be an ǫ > 0 such that if v − I H < ǫ, then d ρ (ρ, vρv * ) < ǫ ′ . Then to this ǫ there exists the corresponding δ ′ > 0 such that ρ − uρu
what means the desired continuity. The proof will be direct: A construction of a unitary v : v − I < ǫ for any given ρ ′ = uρu * lying "sufficiently close" to ρ in T s , such that it is also ρ ′ = vρv * . Let us write ρ = n j=1 λ j E j , 0 < n < ∞, where λ j = λ k for j = k, E j are the orthogonal projections of the spectral measure of ρ = ρ * , 0 < dim E j := T r(E j ) =:
N . Let us denote F j := uE j u * (∀j), hence ρ ′ := uρu * = j λ j F j , and also F := n j=1 F j . It is clear that the nonnegative numbers N j − T r(E j F j (ρ ′ )) and N − T r(EF (ρ ′ )) are all continuous functions of ρ ′ , and for ρ ′ = ρ they are all zero. This can be seen, e.g. by representing the projection operators F j ≡ F j (ρ ′ ) by polynomials p j of the operators ρ ′ , as it was done in Lemma 2.2. Hence, for all sufficiently small δ ′ > 0, and for all such ρ ′ = uρu
where δ, δ j , j = 1, 2, . . . n can be chosen to be arbitrarily small positive numbers (i.e. they can be bounded from above by arbitrarily small positive upper estimates determining the choice of the mentioned δ ′ > 0, what is possible due to the continuous dependence on ρ ′ of the expressions entering into (2.11)).
Let us choose now 0 < ǫ 2 < 1, and assume that the above mentioned δ ′ is such that
where the first inequality is a consequence of the definitions (2.11).
We shall now construct, for any ρ
Let us choose arbitrary (mutually independent) orthonormal decompositions {e
. . n; and also let us choose an arbitrary orthonormal decomposition {e 
We have obtained in this way two orthonormal systems {e
and {f
forming a basis of the subspace E ∨ F := (E ∨ F )H. Remember also the "cross-orthogonality" of the mutually "affiliated" orthonormal systems:
the unitary orbit O ρ (U) ⊂ T s (on which the numbers a n are constant) uniquely. This can be seen as follows: The orbit is determined by the spectral invariants of any ν ∈ O ρ (U), i.e. by its eigenvalues and their (finite) multiplicities. These might be, however, determined by a measure µ ρ on R, namely the (not normalized) measure given by the characteristic function t(∈ R) → T r(ρ 2 e itρ ) the moments of which are exactly the numbers a n (ρ) . That measure expressed by the eigenvalues λ j of ρ, and their multiplicities m j has the form
where δ λ is the Dirac probabilistic measure concentrated in the point λ. It is clear that this measure µ ρ determines the orbit uniquely. The uniqueness of the solution of the Hamburger problem of moments (see [9, Theorem X.4 , and Example 4 in Chap. X.6]) proves, that the measure µ ρ is in turn determined by the sequence a n (ρ) uniquely.
Since the functions ρ → a n (ρ) are continuous in the trace (and even Hilbert-Schmidt, and on bounded balls in T s also in operator L(H)-) topology, the intersection of their inverse images:
O ρ (U) = ∩ ∞ n=0 {ν ∈ T s : a n (ν) = a n (ρ)} (3.2)
is a closed subset of T s in these (induced) topologies.
Next will be given an independent way of proving the above Theorem 2.6, but only for a specific case of orbit O ρ (U) with ρ = P x , i.e. for the projective Hilbert space P (H). A use of that method for other orbits O ρ (U) would need calculation of the distance function d ρ (uρu * , vρv * ) on the riemannian manifolds O ρ (U) for general ρ of finite range.
3.2 Proposition. The unitary orbit O ρ (U) going through a one dimensional projection ρ := P x , (0 = 0 ∈ H) is a submanifold of (i.e. it is regularly embedded into) the space T s of symmetric trace-class operators. ♣ Proof. It is known, that the riemannian distance function on P (H) is (cf., e.g. the formula (3.2.11) in [3] ):
d(P x , P y ) = √ 2 arccos T r(P x P y ). On the other hand, the distance between the same projections in the "ambient space" T s is
what is easily obtained as the sum of absolute values |λ 1 | + |λ 2 | of the two nonzero eigenvalues (if P x = P y ) of P x − P y : Since T r(P x − P y ) = λ 1 + λ 2 = 0, one has λ 1 = −λ 2 =: λ. Because 2λ 2 = T r[(P x − P y ) 2 ] = 2[1 − T r(P x P y )], one obtains λ = 1 − T r(P x P y ), hence the result (3.4). Hence the convergence of some sequence {P yn : n ∈ Z + } to a chosen point P x ∈ O ρ (U) in the space T s means also its convergence on the orbit O ρ (U), what gives the wanted continuity of the inverse ι −1 of the injective immersion (as it was proved earlier in [3] ) ι : U(H)/U Px = O ρ (U) → P (H) ⊂ T s (the last set P (H) is taken in the relative topology of T s ). This means, that the injection ι is a homeomorphism, hence P (H) is a submanifold of T s .
